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Abstract I 

n this paper, we study the existence of random periodic solutions for semilinear SPDEs on a bounded 
domain with a smooth boundary. We identify them as the solutions of coupled forward-backward infi¬ 
nite horizon stochastic integral equations on LF'{D) in general cases. For this we use Mercer’s Theorem 
and eigenvalues and eigenfunctions of the second order differential operators in the infinite horizon 
integral equations. We then use the argument of the relative compactness of Wiener-Sobolev spaces in 
C'°([0, X D)) and generalized Schauder’s fixed point theorem to prove the existence of a solu¬ 

tion of the integral equations. This is the first paper in literature to study random periodic solutions 
of SPDEs. Our result is also new in finding semi-stable stationary solution for non-dissipative SPDEs, 
while in literature the classical method is to use the pull-back technique so researchers were only able 
to find stable stationary solutions for dissipative systems. 

Keywords: random periodic solution, semilinear stochastic partial differential equation, Wiener- 
Sobolev compactness, Malliavin derivative, coupled forward-backward infinite horizon stochastic inte¬ 
gral equations. 


1 Introduction 

Dynamics of nonlinear differential equations, both deterministic and stochastic, are complex. It is of 
great importance to understand these complexities. Mathematicians have made enormous progress in 
understanding these complexities for deterministic systems, both of finite dimensional and infinite di¬ 
mensional. Understanding the complexities of stochastic systems are far from clear even for stationary 
solutions. The concept of stationary solutions is the stochastic counter part of fixed points to deter¬ 
ministic dynamical systems. A fixed point is the simplest equilibrium and large time limiting set of 
a deterministic dynamical system. A periodic solution is a more complicated limiting set. The theory 
of periodic solutions has played a central role in the study of the complex behaviour of a dynamical 
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system. They are relatively simple trajectories themselves. However, their existence and construction 
is a challenging problem in the study of dynamical systems. The study has occupied a central role 
in the theory of dynamical system since the seminal work Henri Poincare [25) . Periodic solutions of 
partial differential equations of parabolic type has been studied by a number of authors, Vejvoda m, 
Fife [13], Hess [15], Lieberman [T^, [18], to name but a few. From periodic solutions, more complicated 
solutions can be built in. Since the theory of the existence of the solution of the stochastic differential 
equations (SDEs) and stochastic partial differential equations (SPDEs) become better understood (Da 
Prato and Zabczyk [8], Prevot and Rockner m) we need to study more detailed question about the 
behaviour of solutions of SDEs and SPDEs. Mathematicians have been very much interested in the 
study of the existence of stationary solutions of SDEs and SPDEs, and invariant manifolds near sta¬ 
tionary solutions. For results about SPDEs, see Sinai [55], [55], Mattingly E, Khanin, Mazel and 
Sinai m, Caraballo, Kloeden and Schmalfuss [5], Liu and Zhao [5D], Zhang and Zhao [35], [33], Duan, 
Lu and Schmalfuss i, m, Mohammed, Zhang and Zhao [55] , Lian and Lu [19] , though there are still 
many problems that need to be understood. In literature, there were only few works on periodicity of 
stochastic systems. For linear stochastic differential equations with periodic coefficients in the sense of 
distribution, see Chojnowska-Michalik 0, 0, and for one-dimensional random mappings, see Kliinger 
m- We began to address the problem of pathwise random periodic solutions to SDEs in Zhao and 
Zheng [31], Feng, Zhao and Zhou m- In this context, first we would like to motivate the reader with 
the following question. Consider a deterministic evolution equation on a Hilbert space H, 

^=Au + f{u). (1.1) 

Assume it has a periodic solution of periodic r, Z : (—oo, oo) —?> H such that Z{t + t) = Z{t), for any 
t S (— 00 , 00 ). Now we consider the following stochastic differential equation, which can be regarded 
formally as the random perturbation of (HID with a white noise perturbation: 

du = {Au + f{u))dt + g{u)dW(t). (1-2) 

Here IT is a two-sided Brownian motion on a probability space (17, P) valued in a Hilbert space K 
and g : H ^ L 2 {K,H) taking values in the space of Hilbert-Schmidt operators. Assume the solution 
of such an equation with a given initial condition exists and is unique. Such an equation has been 
considered in literature for many SDEs and SPDEs. The question to ask is: does equation ((E2]) still 
possess a periodic solution? Of course the answer is definitely no in general if we think periodic solution 
a close trajectory as in the deterministic sense. But a close trajectory is not the right notion of random 
periodic solution to stochastic systems, just like the deterministic fixed point is not a right notion 
for stochastic systems. One can not expect that, in general, equation ini) has a solution such that 
u{t + t) = u{t) unless in a very special situation. There is an interaction between the periodic solution 
and the noise. Intuitively, the periodic solution has tendency to make trajectories of the random 
dynamical system following a periodic circle, at least in the dissipative case. The noise tends to make 
trajectories spreading out. Understanding of this kind of phenomenon was attempted by considering 
first linear approximation in physics literature, assuming the deterministic macroscopic equation has 
a periodic solution (see e.g. [30]). Note the following observation: let 
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u{t) = Z(t) + v{t). 


Then v satisfies 


dv{t) = {Av{t) + b{t, v{t)))dt + a{t, v{t))dW{t), (1.3) 

where 

= f{Z{t)+v) - f{Z{t)), 
cri.t,v) = g{Z{t) + v). 

Note &, a are periodic function in t, i.e. b{t + t,v) = b{t, v) and a{t + t,v) = a{t, v) for any t G R and 
V G H. Now the question is reduced to the study of the random periodic solution of equation with 
periodic coefficients. In fact, this kind of stochastic differential equations with periodic coefficients arises 
in modelling many physical problems. For example, it was considered in climate dynamics literature 
that mid-latitude oceans can be modelled by time periodic wind forcing when one takes into account 
the seasonal cycles in winds. But a more realistic model should include a stochastic effects ([!]). The 
periodic solution is naturally extended to the notion of the random periodic solution to equation such 
as equation (IE3 with periodic coefficients by m- If the periodic solution Z of Equation (HI) is 
exponentially stable and the noise is reasonably small in Equation (11.31) {g{u) is Lipschitz in u and the 
Lipschitz constant is reasonably small), we can construct a stable random periodic solution to equation 
m therefore obtain a random periodic solution of equation (11.21) . But in the non-dissipative case that 
equation dnj has a periodic solution Z of period r, not stable but semi-stable, the situation is more 
complicated. Pull-back and Poincare mapping approaches do not seem working easily in this situation. 

In [12) . we proved in the case that H = R‘^ and A is hyperbolic the existence of random periodic 
solution of Equation m is equivalent to the existence of a solution of an infinite horizon (— 00 , 00 ) 
integral equation. In fact, the result holds in both finite and infinite dimensional spaces, though we 
only gave the proof in the case. Furthermore, we extended the Schauder fixed point theorem to 
the case when the subspace of the Banach space is not closed and the Wiener-Sobolev compactness 
theorem to the relative compactness on the space C([0, T], L^(dP)). Then we proved the existence of 
a solution of the infinite horizon integral equation. 

In this paper, we continue to push this new idea to the following stochastic partial differential 
equation of parabolic type on a bounded domain D C R'^ with a smooth boundary: 

00 

du{t,x) = Cu{t,x) dt + F(t,u{t,x)) dt+ ''^(7k{t)4>k{x)dW^{t), t>s, (1.4) 

fc=i 

u{s) = t/j G L^{D), 
u{t)\dD = 0. 

Here C is the second order differential operator with Dirichlet boundary condition on D, 

1 9 / du\ 

i^j—1 d \ / 


(1.5) 
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Condition (L): the coefficients aij,c are smooth functions on D, = aji, and there exists 7 > 0 
such that for any ^ = (^ 1 , ^ 2 , •'', U) S R‘^. 

Under the above conditions, £ is a self-adjoint uniformly elliptic operator and has discrete real-valued 
eigenvalues /ii > ^2 > • • • such that t —00 when k ^ 00 . Denote by {<j)k £ L'^{D), fc > 1} a com¬ 
plete orthonormal system of eigenfunctions of C with corresponding eigenvalues k > 1. Here the 
space L^{D) is a standard square integrable measurable function space vanishing on the boundary with 
norm || • ||l 2 (_d). A standard notation Hq{D) denotes a standard Sobolev space of the square integrable 
measurable functions having the first order weak derivative in L'^(D) and vanishing at the boundary 
dD. This is a Hilbert space with inner product (m, v) = u{x)v{x)dx -I- Jjj{Du(x), Dv{x))dx, for any 
u,v G Hq{D). From the uniformly elliptic condition, it’s not difficult to know that £ Hq{D) and 
there exists a constant C such that 


||V(/.fc|U2(^) <CvlH- (1-6) 

We will use it in the proof of our main theorem. 

We assume the driving noise are mutually independent one-dimensional two-sided standard 
Brownian motions on the probability space (17, J", "P) and < oo- Denote A := {(t, s) £ 

R^,s < t}. Equation (11.41) generates a semi-flow u:AxHxf2^H when the solution exists uniquely 
in the space H = L'^{D). Define 9 : (— 00 , 00 ) x 17 —)> 17 by 9tijJ^{s) = W^{t -b s) — W^{t). Therefore 
ten) is a metric dynamical system. Function F : R x R ^ R is a continuous function. 
Without causing confusion of notation, we define Nemytskii operator F : R x L'^{D) —^ L‘^{D) with 
the same notation 

F{t,u{t)){x) = F{t,uit,x)), F\t,u{t)){x) = [ F{t,u{t)){y)(j)^{y)dy(j)^{x), x G D, uGL^{D). 

Jd 

Assume F and ak satisfy: 

Condition (P) There exists a constant r > 0 such that for any t G R, u G L^{D) 

F{t,u) = F{t + T,u), crfe(t) = CTfc(t-b r). 


First, we give the definition of the random periodic solution 

Definition 1.1 A random periodic solution of period t of a semi-flow u : Ax L^{D) x 17 — ^ L^{D) is 
an F- measurable map ip : (— 00 , 00 ) x 17 ^ L^{D) such that 

u{t + T, t, (p{t, oj), oj) = (p{t + T,0j) = ip{t, 9rU}), (1.7) 


for any t G R and w £ 17. 

Instead of following the traditional geometric method of establishing the Poincare mapping and 
finding its fixed point, in this paper, we will push the new analysis method of coupled infinite hori- 
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zon forward-backward integral equations to the stochastic partial differential equations. This is the 
first paper dealing with the important question of periodic solution to stochastic partial differential 
equations. 

We apply our result to the perturbation problem dm and (11.21) we posed in the case when H = R‘^, 
and the case when H = L'^{D), A = C a second order differential operator (11.511 on a smooth bounded 
domain D. Assume the deterministic system has a periodic solution Z which is hyperbolic. Denote by 
G the graph of the periodic solution in H. Let N be large enough such that the open ball with center 
0 and radius N covers G. One can then define a differentiable function (assuming / is differentiable) 
such that 

IImIP 

fNiu) = x(^y^)/(w). 

Here y : —>■ is a smooth function such that 


J 1 , when \z\ < 1, 
( 0, when jzj > 4. 


It is easy to see that the truncated system 

-^=Au + fM{u) ( 1 . 8 ) 

has the same periodic solution Z as Equation (HH). Our results imply that the perturbed system to 
Equation (11.81) by an additive noise considered in [12] and in this paper respectively has a random 
periodic solution. 


2 Forward-backward infinite horizon stochastic integral equations 


We consider the semilinear stochastic partial differential equation dni). Denote the solution by 
u(t, s, w, x). Throughout this paper, we suppose that C is hyperbolic, i.e. none of the eigenvalues of £ is 
zero, and Tt = is a hyperbolic linear flow induced by £. So L"^{D) has a direct sum decomposition: 

L^[D) = £*©£“, 


where 

= span{v : u is a generalized eigenvector for an eigenvalue p with /i < 0}, 
= spanjn : u is a generalized eigenvector for an eigenvalue fj, with /r > 0}. 


Denote pm is the smallest positive eigenvalue of £, and Pm+i is the largest negative one. We also define 
the projections onto each subspace by 


P+ : L^{D) A", P- : L^(D) A®. 


Define := a{Wu — HA, s < v < u < t) and := The solution of the initial value problem 

m is given by the following variation of constant formula: 



6 


C. R. Feng and H. Z. Zhao 


pt oo Pt 

i{t,s,'ip,uj){x) = Tt^stpix) + / Tt-rF{r,u{r,s,ip,uj)){x)dr + / ak{r){Tt_r(l>k)ix)dW'"{r) 

Js fc=l“'s 

= / K{t - s,x,y)ilj{y)dy + / / K{t - r,x,y)F{s,u{r,s,tlj,u})){y)dydr 

JD Js Jd 


OO 

+ '^ / K{t - r,x,y)(Tk{r)(l)k{y)dydW^{r) 

k^i-ls Jd 


( 2 . 1 ) 


where K{t, x, y) is the heat kernel of the second order differential operator £, 


(Tt(j))ix) = [ K(t,x,y)(j){y)dy, 

J D 

defines a linear operator Tt : L‘^{D) L'^{D) and J* ak{r){Tt-r4'k){-)dW^{r) is an L^(Zl)-valued 

stochastic integral. Because £ is a compact self-adjoint operator under the condition of this paper, so 
by Mercer’s theorem (Chapter 3, Theorem 17, [M]), we have 

OO 

K{t,x,y) = ^e'"'Vi(a:)<()i(j/). 

i=l 


We consider a solution of the following coupled forward-backward infinite horizon stochastic integral 
equation, which is a B{R) ® B{D) 0 J^-measurable map Y : (—oo, oo) x 17 —>• L‘^{D) satisfying 

/ t pOO 

Tt-sP-F{s,Y{s,uj))ds- / Tt-sP+F{s,Y{s,uj))ds 

-OO J t 

OO pt ^ POO 

+ {oj)Y, ak{s)Tt-sP-cl>kdW\s)-{u:)Y, ak{s)Tt-sP+(^kdW\s) ( 2 . 2 ) 

1 J —OO 1. J t 






for all a; e 17, t e (— 00 , 00 ). The value of Y{t,uj) G L‘^{D) at x is Y{t,uj){x). Sometimes we write as 
Y(t,uj,x) when there is no confusing. We will give the following general theorem which identifies the 
solution of the equation (12.21) and a random periodic solution of stochastic differential equation (11.41) . 
First, we recall the definition of a tempered random variable (Definition 4.1.1 in [T]): 

Definition 2.1 A random variable : 17 —^ L‘^{D) is called tempered with respect to the dynamical 
system 9 if 

lim -i- log ||X( 6 'ra;)||L 2 (D) = 0 . 

r—¥±oo 7 * 

The random variable is called tempered from above (below) if in the above limit, the function log is 
replaced by log"*" (\og~), the positive (negative) part of the function log. 


Theorem 2.1 Assume Condition (P). If Cauchy problem has a unique solution u(t, s,ui,x) 

and the coupled forward-backward infinite horizon stochastic integral equation 112. has one solution 
Y : (— 00 , -|-oo) X 17 — >■ L'^{D) such that Y(t-\-T,uj) = Y{t, Ot-oj) for any t € R a.s., then Y is a random 
periodic solution of equation 


u{t T,t,Y{t,uj),uj) =Y{t T,uj) =Y{t,9rU}) for any tGR a.s. 


(2.3) 
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Conversely, if equation has a random periodic solution Y : (— cxd, +c») x 12 — >■ Lf{D) of period t 
which is tempered from above for each t, then Y is a solution of the coupled forward-backward infinite 
horizon stochastic integral equation 

Proof: Similar to the proof of Theorem 2.1 in [12]. U 


We will need the following generalized Schauder’s fixed point theorem to prove our theorem. The 
proof was refined from the proof of Schauder’s fixed point theorem and was given in Un- 

Theorem 2.2 (Generalized Schauder’s fixed point theorem) Let H be a Banach space, S be a convex 
subset of H. Assume a map T : H ^ H is continuous and T(S) G S is relatively compact in H. Then 
T has a fixed point in H. 

The generalized Schauder’s fixed point theorem requires us to check the relative compactness. Since 
the equation can be transformed to an w-wise equation, one could be tempted to treat w as a parameter 
and to try to define w-parameterised Banach space and subspace, and then to use Rellich-Kondrachov 
compactness embedding theorem to check the relative compactness. The problem with this approach 
is that, we get one solution with a parameter wi and one solution with a parameter uj 2 , but no priori 
relation between these solutions may be known. They may indeed belong to two different families of 
random periodic solutions due to the non-uniqueness of the solutions of the infinite horizon integral 
equation. Assume 0 J 2 = 9rUJi. It is desirable to have Y{t t,oji) = Y{t,uj 2 ) for all t > 0. But this 
is beyond what the analytic method can offer to us immediately. To overcome this difficulty, we use 
Malliavin calculus, Wiener-Sobolev compact embedding theorem to get the relatively compactness of a 
sequence in T], L^(l7 x D)) with Sobolev norm being bounded in L^(l7) and Malliavin derivative 

being bounded and equicontinuous in L^{f2 x D) uniformly in time. 

We denote by the set of infinitely differentiable functions f : ^ R such that / and 

all its partial derivatives have polynomial growth. Let S be the class of smooth random variables 
F such that F = f{W{hi),---,W{hn)) with n G N, G L^([0,T]) and / G 

W{hi) = hi{s)dW{s). The derivative operator of a smooth random variable F is the stochastic 
process {DtF, t G [0,T]} defined by (c.f. [23]) 


VtF = Y. • • •, Wih,^))h,it). 


dx. 


We will denote the domain of V in L^{L2), i.e. T>^'^ 


is the closure of S with respect to the norm 


\\nl2= E\F\^ Y E\\'FtF\\Y^^^T]y 

Denote x D)) the set of continuous functions f{-,-,uj) with the norm 

II/IP = sup [ E\f{t,x)\^dx< 00 . 
te[o,T] Jd 

It’s easy to check the following refined version of relative compactness of Wiener-Sobolev space in 
Bally-Saussereau [2] also holds. This kind of compactness as a purely random variable version with¬ 
out including time and space variables was investigated by Da Prato, Malliavin and Nualart [7] and 
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Peszat [23] first. Bally-Saussereau considered the convergence in L^([0,T] x x D). But the con¬ 
vergence in L^([0,T] X n X D) is not enough for us in this paper. We consider the convergence in 
C°([0, r], L^(f7 X D)). Feng, Zhao and Zhou [H] used the compactness of a sequence of stochas¬ 
tic processes in (7°([0, T], L^(f7)) to study periodic solution of stochastic differential equations. The 
Wiener-Sobolev compact embedding provides a powerful method to study the convergence of a se¬ 
quence of random fields. This is a new direction of Malliavin calculus. The traditional application of 
Malliavin calculus was in regularity of densities and was studied intensively in literature. 

Theorem 2.3 Let D be a bounded domain in R‘^. Consider a sequenee {vn)neN o/C*^([0,T],x 
D)). Suppose that: 

(1) SUp„g^SUPtg[o^T]£^lkn(i,')llffi(i5) < OO. 

(2) SUp„g^SUP(g[o,T]/Dlkn(i,a;, •)IIi.2C^2; < OO. 

(3) There exists a constant C > 0 such that for any ti,t 2 € [0,T] 

S'aPri Id E\vn(ti,x) - Vn{t 2 ,x)\‘^dx < C\ti -t 2 \- 

(4) (4i) There exists a constant C such that for anyO < a < jS < T, and h € R with \h\ < min(a,T—/3), 

and anyti,t 2 £ [0,T], 

SUPn/o/f E\Ve+hVn{ti,x) -VgVn{t 2 ,x)\‘^d 9 dx < C {\h\ + \ti -t 2 \). 

(4ii) For any e > 0, there exist 0 < a < fd < T such that 
sup„sup(g[o_T] Jjy J^^ j,^^^^ p^E\V 0 Vn{t,x)\‘^dedx < e. 

Then {vn,n £ N} is relatively compact in C^{[0,T], L^{[2 x D)). 

Proof: Recall the Wiener chaos expansion 

OO 

Vn{t,U},x) = ^ Im{fn{-,t,x)){uj), 
m —0 

where /™(-,t,x) are symmetric elements of L^([0,T]'" x D) for each m > 0. When m = 0, f^{t,x) = 
Evn{t,x), and 

sup||/°(t, < supF;||u„(t,-)||Hi(i>) < OO. 

n n 

So fn{t, x) is relatively compact in Lf[D) for fixed t £ [0, T] by Rellich-Kondrachov compact embedding 
theorem. But for any ti ,<2 £ [0,T], 

sup sup I|/°(t, •)lli 2 (D) < sup sup •)||i 2 (£,) < OO, 

n te[0,T] n tG[0,T] 

sup ||/°(tl, •) - f°(t 2 , < SUpF;||u„(ti) - U„(f 2 )|li 2 (^) < C\ti - t 2 \. 

n n 

So by Arzela-Ascoli lemma, {fn}'^=i is relatively compact in C°{[0,T],L‘^{D)). For each to > 1, using 
the same argument as in Bally-Saussereau |2], we conclude for each fixed t, x)}n£N is relatively 

compact in L^([0,T]'" x D). Moreover, for each ti,t 2 £ [0,T], consider 

sup [ ||/r(-,^i, 2 :)-/r(-,^ 2 ,a:)||i 2 ([o,r]™)C^ 2 : 
n Jd 
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< sup / / ElVeVnitijX) — 'DgVn{t2,x)\^d9dx 

n J D Jo 

< C\ti — t2\, 


and 

([0 < sup sup / / E\'DgVn(t,x)\'^d6dx < oo. 

n te[0,T]JDJo 

Then by Arzela-Ascoli lemma, we know that {/™}5^i is relatively compact in T], L^([0,T]"* x 

D)). Thus we can conclude is relatively compact in C°{[0,T],L‘^{f2 x D)) using the same 

argument as in [5]. U 


sup sup f \\fni-,t,x)\\l 2 
n t^\0,T]JD 


Now we are going to prove that equation (12.21) has a solution under some conditions. So according 
to Theorem O this gives the existence of the random periodic solution for the stochastic evolution 
equation dni). 

Theorem 2.4 Assume the coefficients of the second order differential operator C satisfy condition (L) 
and the operator C is hyperbolic. Let F : (—oo, oo) x R ^ R be a continuous map, globally bounded 
and VFft, •) being globally bounded, and F and Uk also satisfy Condition (P) and Wk(t)\^ < oo, 

and there exists a constant Li > 0 such that l^fc(si) — o'fc(s 2 )P < Li\si — S 2 |- Then there exists 

at least one B{R) ^ T-measurable map Y : (—oo,+oo) x 17 ^ satisfying equation 17.71) and 

Y{t T,uj) = Y{t, Orto) for any t G R, lo G f2. 


The proof of the theorem is very complex and is based on the following observation and a series of 
lemmas. Define the B{R) 0 J^-measurable map Yi : (—oo, +oo) x 17 —>• Lf{D) by 

OO nf OO poo 

Yi{t,u;) = {u;)J2 ak{s)Tt-sP-ct>kdW^{s) - {w)^, ak{s)Tt-sP+f>k dW\s). (2.4) 

j 1 J—OO u_-t Jt 


Then by changing of variable and periodicity of ak , we have 


Yi{t,9rUj) 

oo pt 


^ pt ^ poo 

{9rUj) / <Jk{s)Tt_sP-ct>k dw^{s) - (9ru;) / ak(s)Tt.sP+f>k dW\s) 

OO pt-\-r oo pco 

(w)^ / ak{s)Tt+r-sP~(t>kdW^{s) - {w)'^ j (Jk{s)Tt+T-sP^4'kdW’^{s) 

k^lJ-OO fc=l-^t+T 

Yi(t+ T,a;). 


(2.5) 


On the other hand, 

yi{t,uj,x) = Y^ 

k—l 

oo m 

-EE 


oo oo n 

I e^‘(*“®)(Tfe(s) / (l)i{y)(j)k{y) dy(j)r{x)dW'^{s) 

OO m poo 


pMi(t-s) 


k—li—1' 


c^k(s) [ (j)i{y)(j)k{y) dy(j)i{x)dW^ (i 

J D 
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OO m .00 

^^ I 1 —OO „•—1 Jt 




as {(j)i} is the basis of L‘^{D), so (j)i{y)(t)j(y)dy = 0, when j and (y) = 1- Moreover, we can 


calculate 


IlYill^ = sup£; / \Yi{t,y)\^dy 
t Jd 


< 2s\xpE / I V 
t JD I 




ai{s)dW\s)^i{y) 




dy 


r ^ /•OO 

+ 2 sup£; y I X! 


2=1 
OO 


dy 


= 2supE ^ «)|cri(s)|^ds|0i{y)|^dy 


Id 




r 7 ^ /“^ 

+2sup£; / V / e^'"di-s)|cr.(s)|2^5|0.(y)|2^y 


t Jd Jt 


< 2supi? ^ 




V*(s)l^ds 


2 =m+l ’ 


'>El poo 

+ 2 sup£^y^ / e^^™d-s)|(j^(g)|2 


‘ i=i dt 


ds 


1 1 °° 

<(-+ -) sup ^Cr,^(s) 

/^m+1 l^m sG( — 00 , 00 ) 


< OO. 

Secondly, we need to solve the equation 


Z{t,uj) = f Tt-sP F{s,Z{s,uj)+Yi{s,uj)))ds 

J —OO 

/ OO 

Tt-sP+F{s, Z{s, uj) + Fi (s, uj)))ds. 


For this we define 


( 2 . 6 ) 


C'°((-oo,+oo),L^(f2 X D)) 

:= {/ e C'°((— OO, + 00 ), L^(f7 X D)) : for any t G (— 00 , 00 ), f(T + t,ut,x) = f(t, 6rUj, a:)}, 
and for any 2 : € C'°((— 00 ,+ 00 ), L^(f7 x D)), define 
M{z){t,uj,x) 

/ t nOO 

Tt-sP~F{s,z{s,ijj) + Yi{s,u:)){x)ds - / Tt-sP^F{s, z{s,ijj) + Yi{s,uj)){x)ds. (2.7) 

-OO J t 


The idea is to find a fixed point to M in C°((— 00 , + 00 ), L^(i7 x D)) using the generalized Schauder’s 
fixed point Theorem 12.21 
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Lemma 2.1 Under the eonditions of Theorem \2.4\ the map 

M : C°{{-oo,+oo),L^{n x D)) C°{{-oo,+oo), x D)) 

is a continuous map. Moreover M maps C'°((—oo,+cx)), x D)) mio C'°((—oo,+cx)), x D)) n 
L“((-(X),+oo),L2(l?,ili(71))). 

Proof: Firstly, for any z G C'°((—oo,+oo),x D)), from {</>,} is the basis of L‘^{D), Cauchy- 
Schwarz inequality and the linear growth of F with respect to the second variable, we have 


E f \M{z){t,x)\^dx 
J D 

pt p ^ 

/ / ^ e>^'^^~‘''>4)i{x)4)i{y)F\s,z{s) + Yi{s)){y)dyds 

i=m+l 

V (j)i[x)(j)i{y)F\s, z{s) + Yi{s)){y)dyds 

^ i=i 

pt p 

= X! / / +^i(s))(?/)d2/ds 

™ I 1 J —CO J D 


ID 

<2 [ E 
J D 

+2 f E 

JD 


dx 


2=771+1 

m , noo 


+2EY, 

2^1 

OO 

<2E Y. 

2=771+ 

m 

+2i^E 




t JD 


(l^i{y)F\s, z{s) + Yi{s)){y)dyds 


>^)\(j,.(^y)\'^dyds ■ 


— CO J D 


' —OO J D 

pCO 


^(-77^) E ^ 


/^m +1 


2=771+1 
m poo 


(.Viit ^)\F\s,z{s) +Yi{s)){y)\'^dyds 
gMi(t-s) iF’-is, z{s) + Yi{s)){y)\'^dyds 
'^’"+i(*“®)+*(s,z(s) + Yi{s)){y)\^dyds 


gVi{t ‘^)\(j).[y)\'^dyds ■ 

It Jd Jt Jd 


— OO J D 


9 /* 

H-E-® / / e>^'"^*~‘'^\F\s,z{s)+Yi{s)){y)\‘^dyds 

Mm +r Jt Jd 

1 
2 


<2\\F\\l{-J— + ^)vol{D) 


Mm+l E 


< OO. 


We prove that M{z){-,uj,x) is continuous in D{f2 x D), for z G C'°((—oo,+oo), L^(f2 x D)). For this, 
taking any ti, t 2 G (—oo, +oo) with ti < t 2 , we have 

E ( \M{z){ti,x) — M{z){t 2 ,x)\'^dx 


JD 

<2 [ E 
Jd 


tl 


Tt^-sP E{s,z{s) +Yi{s))ix)ds - / Tt^sP Pis, z{s) + Yi{s)){x)ds\^ 


+ 00 


f*+oo 


+ 1 / Tt^-sP~''F{s,zis)+Yi{.s)){x)ds - Tt^sP'^Pis, z{s)+ Yi{s)){x)ds\^ 


t2 


dx. 
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For the first term, considering {0^} is the basis of LF‘{D), and noting the following simple computation, 
for f > m + 1, 

r < (^2-ii) / ' = ^2 - fi, 

J—oo J—oo */— oo 


we have the following estimate, 

fti 


[ E\ f Tt^-sP F{s,z{s)+ Yi{s)){x)ds - f Tt^-sP Pis, z(s) +Yi{s))(x)ds\'^dx 
J D J —oo J —oo 


' —oo 


7-00 JD 1 


('t2 ^ 


dn dti 

<2E Y, 1/ / -e'^^(*^-^))0i(y)FXs,2(s)+ri(s))(j/)dyds|" 

i=m+l •>-o°->D 
•_^ II 7^1 JD 


i—m-\-l 


<2E Y 


pti 


i—m-\-l 


(e 


Mt(tl-s) _ gA‘i(t 2 - 




— OO J D 


o/2t(tl-s) _ „Mi(t2- 


— ooJD 


gMi(t 2 '*))|i^*(s^ 2 ;(s) +r^(s))(y)| 2 (|y(;s] 


^ f f \^iiy)\^dyds- [ [ \E"{s,z{s)+ Yi{s)){y)\'^dyds 


<2E Y (^2 - ii) 


r*i 


i=m+l 


rt2 

Iti J D 

s'‘’"+^(‘^"*)|F*(s,0(s)+yi(s))(y)|2dj/ds 


— oo ./ Z) 


+ 2 (f 2 -tiri|F||Lno?p) 

< (-^)|i 2 - h\\\E\\lvol{D) + 2{t^ - ErWEWlvoliD) 

/^m +1 


< C\t2 — ti\. 

And by a similar argument to the second part, we have 

/•+°° r+°° „ 

E\ Tt,-sP+E{s,z{s) + Yi{s))ds- Tt,-sP+E{s,z{s) + Yi{s))ds\ <C\t 2 -ti\. 

Jt-\ Jt‘2 


Hi Jt2 

Therefore, by combining two parts, we have 


E j \M{z){t 2 ,x) - M{z){ti,x)\'^dx <C\t 2 -ti\. 

J D 

Therefore we have A4 also maps C°((—oo,+oo), L^(l7 x E)) into itself. To see the continuity, for any 
zi,Z 2 G C'°((—oo,+oo),T^(f2 X £))), 
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E\M{zi){t^x) — M{z 2 ){t^x)\^dx 


fD 


<2E Y. 






OQ J D 


-F\s,Z 2 {s) + Yi{s)){y))dyds 

+ 2 FY\ f [ e^*^*-^U.{y){F\s,z,{s) + Y,{s)){y) 
• T '-J-OO JD 


2=1 


<2F Y 




-F\s,Z 2 {s) + Yi{s)){y))dyds 


D 


-oo J D 
m „oo 


eMi(t 2:1(5) + yi(s))(?/) - F'‘{s,Z2{s) +Yi{s)){y)\'^dyds 

I 

nOO p 

■[ [ e>^*^*~'‘'>\F\s,Zi{s)+ Yi{s)){y) - F\s,Z2{s)+ Yi{s)){y)\'^dyds 

Jt JD ^ 

< 2 (- 5 —) [ f e'^^+^''*~‘''^\F{s,zi{s) +Yi{s)){y) - F{s,Z2is) +Yi{s)){y)\'^dyds 

Mm+1 J —00 J D 

+2— f f e^^^^^~''^\F{s,Zi{s) +Yi{s)){y) - F{s,Z2{s) +Yi{s)){y)\‘^dyds 
y-m Jt J D 

< 2 ||VF||^(^^^-h^) sup [ F\zi{t,x) - Z 2 {t,x)\‘^dx, 

Mm+1 A^m tG{ — co,-\-oo)JD 


where 

00 

||VF||^:= sup |VF(t,u)|2= sup ^ |VF*(i, u)|2. 

te(—00,00),nei? 00,00 ),ugr 

That is to say that M. : (7°((—00, +00), L‘^{QxD)) —>• (7°((—00, +00), L'^{QxD)) is a continuous map. 
Secondly, we need to prove A^(z) G L°°((—00, 00), L‘^{f 2 , H^{D))) for z G (7°((—00, +00), L^(/2 x D)). 
Note 


F f \Vxd^{z){t,x)\^dx 

JD 


< 2F 


D 



D 


Y '''^Va;'piix)(l)^{y)F\s,z{s)+Yi{s)){y)dyds 


2 

dx 


+2F 


D 


^'>\7^(j)^(x)(j)i{y)F\s,z{s) +Yi{s))(y)dyds 


2 

dx 


:— Ai + A 2 . 


For Ai, by Cauchy-Schwarz inequality and (|1.6p . we have 
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A, = 2E 


ID ■- 


E 


— oo J D 


— oo J D 


^'>V^(j),{x)(j),{y)F\s, z{s) + Yi{s))iy)dyds 
gH (*-«) {y)F^ (s, z{s) + Yi {s)){y)dyds\ dx 


< E ^ ( / |Va;(/)i(a;)p(ix j \Vx4)j{x)fdx 


D 


ID 


< 2CF 


< 2CF 


■j f ''^\(l>i{y)\\F\s,z{s)+ Yi{s)){y)\dyds 
■[ [ e^^^*~"M(l>jiy)\\F\s,z{s)+ Yi{s)){y)\dyds 

J —OO J D 
o® / pt p 

^ ( / / e^^'^^-^'>\y^\^\<|)i{y)\\F^{s,z{s) + Yl{s)){y)\dyds 

=m+l \J-ooJd 

^ / pt p 

j=m+l \d-oo J D 

f] ( f f e^^^‘^*-^^\y,\\My)fdyds- f f e^^^^*-^^\F\s,z{s)+ Yi{s)){y)fdyds 

L*=m+1 J-ooJd 

E f/ / / / e^^(*"®)|F^(s,z(s) +Yi(s))(?/)pfiy(is^ 

-^_Li — OO J D J — oo J D J 


j=m-\-l 


< 2C 


E 

2 =rn+l 


pMm+i < 5 ) 


|F*(s,z(s) + ri(s))(?/)|^(iyds 


t JD 


■ E 

j=rn+l 


p/^m+i (i s) I pi 


+Yi{s)){y)?dyds 


t JD 


1 


<2C||F||^(- )vol{D) 

ym+i 

< 00 . 


Similarly, 

^2 <2C||F||^(—)Wp) < 00 . 
fJm 

Therefore, we can see A4 maps C'°((— 00 , + 00 ), L‘^(f2 x D)) into L°°((— 00 , + 00 ), L^(l7, Hq{D))). (j 
Now let us define a subset of C'°((— 00 , + 00 ), L^(17 x D)) as follows: 

:= {/ € C'°((-cx),+oo),L2(/2 X D)) : f\[o,r) € C%[0,t), (D^V^’^)), 

i.e. Il/lp = sup / \\f{t,x)\\i 2 dx<oo, and for any t, r G [0, r), f = 0, ±1, ±2, • • • 

te[o,r)dD 
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ElVrJis, 6ir-, X) - T>r^f{s, d^r', x)\^dx 


\ri - r2\ 


< oo}. 


Here ar{t) is the solution of integral equation (see page 324 in [26] 1 

^r+ 2 r 
/ r —2r 

where 


pr-\-2r 

ar{t) = A / e~^^*~^^ar{s)ds + B, 

J r —2r 


( 2 . 8 ) 


A = 


- OO ^ OO 

C\\yE\\l{ -^ + — E 


Mm+l 


i=0 


oo 

B = C\\VF\\l sup {s){— -h —), P = min{-fjLm+i,dm}- 

s£( —oo,oo) Mm+1 0m 


This is a convex set. 


Lemma 2.2 Under the conditions of Theorem \2.4\ A4 maps C'° „((— cxd, +oo), L^(I?, into itself. 

Proof: The Malliavin derivatives of yi(t,w,x) and A4(z)(t,uj,x) can be calculated as: 


’'^i(x)cri(r), A r < t, 

VrVi(t,co,x)= { 

_ ^ eMi(i if r > t. 


(2.9) 


When r < t, it is easy to see that 

'DrM{z){t,uj,x) 


( 2 . 10 ) 


= E f/ / ‘''>(j)i{y)VE\s,z{s,uj)+ Yi{s,uj)){y)'Drz{s,u;,y)dyds'\ (j)i{x) 

i=m+l / 

rn / «oo ^ \ 

“E J + Yi{s,Lj)){y)'Drz{s,uj,y)dydsj cf^x) 

OO j pr p ^ \ 

+ E / / e^'^‘”"Vi(2/)VF*(s,2(s,a;) + Yi(s,w))(i/)^ Ee'"^('*"’’Vj(2/)o'j(r)^(i2/ds (/)i(x) 

i=m+l \ J-o°Jd j 

OO I pt p oo \ 

+ E / / e^'^‘”"Vi( 2 /)VP*(s,z(s,a;) + Yi(s,w))(i/) ^ Vj ( 2 /)o'j W) (?ii(x) 

i=m+l Y"'’’ i=m+l y 

“E J^e>''^*~"Ui{y)^F\s,z{s,uj) + Yi{s,uj)){y) ^ 0i(a;)- 

Similarly, when r > t, we have 


J = 771+1 


T>rM{z)(t,u;) 


( 2 . 11 ) 
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= X! (/ y ®V*(j/)VF*(s,z(s,w) + Yi(s,w))(y) 2 ?^ 2 '^(s,u;,j/)(iyds^ 


^)(j)^[y)yF\s,z{s,uj) + Yi{s,u})){y)'DrZ^{s,uj,y)dyds] (j>i{x) 


OO / p ^ \ 

+ X! / / ^^'^*~"^(l^iiy)'^F\s,zis,uj) + Yi{s,uj)){y)^(-e>^^^''~'^Ujiy)crj{r))dyds\(j)i{x) 

i=m+l \ j 

m j pr p ^ \ 

~Y1 (y Vi (y) VF* (s,z(s, w) + Fi (s, w)) (y)^ Vj( 2 /)o-j(r))di/(isj (/)i(x) 

/ / e'"'^‘""Vi(y)VF*(s,z(s,w)+ ri(s,w))(i/) ^ 

i=l y"'’’ ^ j=m+l J 

So using Cauchy-Schwarz inequality, we have for any k = 0, ±1, ±2, ■ ■ ■, z € (7° q,((— oo, +oo), L^(I?, 
when 0 < r < t < T, 

E [ \VrMiz){t,9kT-,x)\‘^dx 

J D 

r /*^ /* 12 

<CE / / e^'''*~‘^^(j)i{y)VF\s,z{s,9kT-)+Yi{s,dkr-))iy)'Erz{s,9kT-,y)dyds 

i=m+l '-“'-oo “'■D 

+(7^;^ [y y (i^'^*~’'Hi{y)'^P\s,z{s,9kT-) + Yi{s,9kT-)){y)E>rz{s,9kr-,y)dyds 

oc /» 2 

+(7^; X! / / 2;(s,6»fc^-)+ ^i('S)^fcT-))(j/)^rh"i(s,6»fc^-,y)(ij/(is 

i=m+l '-“'-ooJn 

^ r /* 1 2 

+(7^;^ [y y e'''^‘“®Vi(j/)VF*(s, 2;(s,6>fc^-)+^i(s!^'feT-))(y)^r>h(s,6'fcr-,J/)c?y(is 

OC /»t /» 

<CE Y] / / 

, 1 '-^-oo JD 


/ / e'^^(*-^)|VFXs,2(s,0fc,-)+>"i(s,0fcr-))(j/)PPr^(s,0fcx-,y)p 

J — oo J D 

^ l_ ^oo ^ 

+Ci? ^ 

i=m+l 

y y +^i(S)^fcT-))(2/)n^r-yi(s,6>fc^-,i/)p(ij/(is 

J —OO JD 

^ ^oo ^ 
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t JD 


\VF\s, z{s, Okr-) + Yi{s, ekr-)){y)?\VrYi{s, Okr'. y)\^dyds 

<C{ - —)\\VF\\l,f f e>^-+^^^-^^E\Vrz{s,9kr;y)\^dyds 

Mm+1 J — oo J D 

+c—llVf’ll^ r [ e^^'-d-s)E\VrZ{s,9kr;y)\^dyds 

Jt JD 

2 pt+kT p 

+C{ -)||VF||L / / E\DrY^{s,;y)\^dyds 

Mm+1 J—oo JD 

+C—\\VF\\l^ r [ E\VrY^is,;y)\^dyds. 

Mm Jt+kr J D 


/ t+kr 

Let us first deal with the third and the fourth terms. When fc = 0,l,2,---, we have t + kr > r and 

/ t+fcr 
-oo J D 


ElVrYiis, ■,y)\'^\dyds 


pr p pt+kr p 

/ / E\'DrYi{s,-,y)\'^\dyds + / / E\VrYi{s, ■,y)\'^dyds 

J —OO J D Jr J D 

pr p pt-\-kT p 

J-o^Jd Jr Jd 

pt-\-kr p 


i=i 


ji=m+l 


oo 

^Mm ZfJ,jn+l sG(-oo,oo)^ 

When k = —1, —2, • • •, we have f + fcr < r and 


^t+fcr 


ElVrYiis, ■,y)\‘^\dyds = 


(‘t+kr 


ID 


Id 


''''<j)j{y)crj{r)\^dyds 
i=i 

t+fcr p ^ 

i=i 

1 oo 

X^ 2 (s). 

5G( —oo,oo) 


So, 


/ t+fcx ^ 11 

/ L;|r>ryi(s, •,j/)n(iyds < (---) sup ^cr]{s). 

-oo Jd ■^/^m+1 sG( —oo,oo) - ^ 


Similarly, 


’ t-\-kr J D 


11 

L;|Pryi(s, •,j/)p|dj/(is < (--) sup '^cr'jis). 

ZHm Mm+1 sG(-oo,oo) 


Therefore, we have 
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E / \'DrM.{z){t,9kT-,x)\^dx 

JD 

1 c 

<C{ - WFWl / J2e^^-+^^*-^+^^^E\Vrz{s-iT,0kr;y)\^dyds 

Mm+1 J r—T J D ^_g 

+C(-^)||Vi^||L f f e^-+^^*-^^E\Vrzis,0kr;y)\^dyds 

Mm+1 Jr Jd 

+C—\\VF\\ll^ [ ef^-^^-^^E\Vrz{s,0kr;y)\^dyds 
dm Jt JD 


+C—||VF||^ 


pr+2T p oo 


E' 


,/J.^ {t — S — lT) 


/ r+T J D 


E\Vrz{s + IT, 0kT-, y)\^dyds 


i=0 


oo 

+q|VF||^ sup ^af(s)(^ + —) 

se(-oo,oo) II .. II 


dm+1 dr, 
pr-\-2T 


<C'(-/ £;|I?.0(s,0_„+fc.-,y)|2dyds 

dm+l Jr-2T JD 

1 1 pr+2T 

+C{ -+ _)||VF||^ / e-^^^-^^E\Vrz{s,0kr;y)fdyds 

Mm+l /^m J?—2r 

1 oo ^r+2r p 

+C—llVFllLEe-"-^" / e ^ 1 * ^*1 / £;|r>^ 0 (s, 6 >i-r+fcr-,j/)pc?yrfs 

dm Jj—2r i_D 


oo 

+C'I|VF||^ sup — + —) 

sG( —oo,oo) Mm+1 f^m 


pr+ZT 

< 2I / e“^'*“'*'ar(s)fis +-B 

Jr-2T 

= ar{t). 


Similarly, when 0 < t < r < t, 


E / \'DrA4{z){t,0kT-,x)\‘^dx 

JD 

-| pr—T OQ ^ 

dm+l Jr — 2T ^_Q J D 

-C^IIVFII^ [ / i?|P.z(s,0fc.-,j/)|^d2/ds 

Mm+l Jr—T J D 

+C—\\VF\\l [ e^-^*-^^E\Vrz{s,0kr;y)\^dyds 

dm Jt 

-I /*r+r 00 

Mm Jr 


00 

+ C'I|VF||^ sup '^cr^{s){— - + —) 

se( —00,00) Mm+1 f^m 

pr-\-2T 

< A e~^^^~^^ar{s)ds + B 

Jr-2r 
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Therefore, for any k = 0, ±1, ±2, • • •, we have 

E / \VrM{z){t,0kT-,x)\^dx < ar(t). 

Jd 

Moreover, the solution ar{t) of equation (12.251) is continuous in t, so for z G C'°^((—oo, +oo), L‘^{D, 2?^’^)), 
there exists a constant ai such that for any t,r G [0, r), fc = 0, ±1, ±2, • • •, 

E / \'Drz{t,9kT-,x)\’^dx < ai, and E / \'DrAi{z){t,6kT-,x)\^dx < ai, 

Jd Jd 

Now suppose there exists L 2 > 0 such that for any ri, r 2 , s G [0, r), fc = 0, ±1, ±2, • • •, 
r- - -r [ E\Vr^z{s,9kT-,x)-Vr^z{s,9kT-,x)\^dx<L2. 

ri -r2\ Jd 

Then we have when 0 < < r 2 < t < t, k = 0, ±1, ±2, • • • 

1 


< 


\ri -r2 \ Jd 
C 


E\'Dr^M{z){t,9kr-,x) - T>r 2 M{z)(t,ekr-,x)\^dx 


\ri -r2 \ Jd 


f {^\ f f e>^J*-^U^{x)Uy)^F^is,zis,9kr■)+Y^is,9kr■my) 

Jd J-ooJd^^^^^ 


■{Vr^zis, 9kT-, y) - Vr^z^s, 9kT-, y))dyds'^ 

poo p Fa 

+^l / / y,e^^^'~^U^[x)Uy)^F\s,z{s,9kr-)+Y^{s,9kr-)){y) 

Jt Jd 

' Fr^^zi^s^ 9kr' ^ y))dyds | 

pt p 

FF\ / X! e^'^*~‘''^4>i{x)(l)i{y)VF\s,z{s,9kT-)+Yi{s,9kr-)){y)VriYi{s,9kr-,y)dyds 
J'^i Jd i=m.+l 

pt p 

- X! e>^*^*~‘''^4’^{x)(|>^{y)'^F\s,z{s,9kr■)+Yi{s,9kT-)){y)Fr2Yi{s,9kr-,y)dyds\^ 

J'^2 Jd 

pVl p 

FF\ / X! e'"'^*~‘'^<l^i{x)(l)i{y)VF\s,z{s,9kT-)+ Yi{s,9kr-)){y)Fr^Yi{s,9kr-,y)dyds 
JJD i=rn+l 

pr 2 p 00 

- / E e>^^^^-^^Mx)Uy)^F\s,z{s,9kr-) + Y^{s,9kr-)){y)Vr,Y,{s,9kr-.y))dyds[ 
J-°°JDi=rn+l 

pOO 

i=l 

■ (Pri Yi{s,9kr-,y) -Fr^Yi{s,9kr-,y))dyds |^|da; 


:= Ai + A 2 + As + A 4 + A 5 . 

We will estimate them in the following. We first have that 

(j r rt 


^1 < 


\ri -r2\JD 


J D J — 00 J D z 
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< 


c 


\ri - r2| 


^ E 


■{'DriZ{s, 9 kr-,y) - Vr 2 z{s, 9 kr-,y))dyds 


dx 


^ J —oo J D 


< 


< 


c 


\ri - r2\ 
C 


ghi(t ®)|Vi^*(s,z(s, 0 fc-r-) + Yi{s,9kT-)){y)\^\Vr-i_z{s,9kr-,y) “ 'Dr^z{s,9kr- ,y)\^ dyds 

l|VF|p^(- —) [ f e>^-+^^^-^^E\VrXs,Okr;y)-Vr,z{s,Okr;y)\^dyds 

/^m+1 J —oo J D 


I |l|VF|p^(-) / / e^^-'+^^^-^^E\VrMs,0+kr;y)-VrMs,0kr;y)\^dyds 

El - r2\ Mm+I LJo Jjj 


0 JD 


z =0 


< ^ 

~ Mm+l 


||VF||^L2[l + ^e^™+^n- 


2=0 


Similarly, 


^ oo 

A2<—||VF||Li2[l+^. 

i=0 


For 2 I 3 , using Cauchy-Schwarz inequality again, we have 

(J r I r '^2 

\ri-r 2 \JD 'Jri 


A 3 = 


/* /*’"2 r 

JD Jr, JD .■_, 1 


C 


•VF*(s,z(s, 6»fc^-) + Yi(s,6>fc^-))(?/)DriFi(s,6»fcr-,y)c?yc^s 
/* 

Ei /d E e^^^‘■^V^(a:)</>^(y)Vi^*(s,^(s) + yl(s))(y) 


dx 


2=771+1 


• El ( 5 , Okr ’ J 2/) ^r 2 ^kr ’ j y^dyds 


dx 


< 


c 


\ri-r2\ ^ "^|(/'i(y)pdi/ds 

I * 2 = 771+1 ’"I 

• /V |VF*(s,z(s)+yi(s))(j/)|2|77,,yi(s,0fe,-,j/) 

_II J ro d D 


dyds 


C 


\ri - r2\ 


7=777+1 


< 


f f ^)\\/F\s,z{s) + Yi{s)){y)\‘^\Dr^Yi{s,9kr-,y) - Dr2Yi{s,9kr-,y)\‘^dyds 

J r2 d D 

-?'i)||VF||^^ J E\Dr^Yi{s,9kr-,y)\‘^dyds 

rt 


c 


c 


\ri - r2\ 


(<-r2)||VF||^- / f E\Dr,Y,is,9kr;y)-Dr,Y,is,9kr;y)\‘'dyds 

d To d D 



Random Periodic Solutions 


21 


Note that 


pr2 p pr2-\-kT p 

/ / E\Dr^Yi{s,0kT-,y)\‘^dyds = / E\Dr^Yi{s, ■,y)\‘^dyds 

J Jd JrT+kr JD 


so when fc = 0,1, 2, • • •, we have 


pr2^KT p pr2^KT p ^ 

/ / E\Dr,Yi{s,-,y)\‘^dyds = / | ^ {y)<^j(r 1)1"^dyds 

Jri-\-kT JD Jri+fcr JD 

pr2+kT p OQ 

J ri +feT J D A—^ I 1 




<\r 2 -ri\ sup ^ 


e(-oo,oo) - ^ 


When k = —1, —2, • • •, we have r 2 + fcr < ri and 


pr2-\-kr p pr2^KT p 

/ / £;|n.,yi(s,.,y)pdj/ds= / / 

^ri+fcr ^ri+fcr 


r 2 +/cT /* rn 


‘dyds 


<|r 2 -ri| sup ^|crj(i 

se(-oo,oo) 


Therefore 


n oo 

S|i:>^iTi(s, 6 »fc-r-,y)pd 2 /ds < k 2 -ril sup ^|o-j(s)t 

) sG{ —oo,oo) 


( 2 . 12 ) 


Similarly, 


f f E\DriYi{s,0kr-,y) - Dr2Yi{s,0kr-,y)\‘^dyds 
J r2 J D 

pt+kr p 

/ / E\Dr^Yi{s,-,y) - Dr^Yi{s,-,y)\^dyds 

J ro+fcr J D 


When A: = 0,1, 2, • • •, we have 


pt-\-kT p 

/ / E\DriYi{s,-,y) - Dr^Yi{s,-,y)\'^dyds 

J ro+kr J D 


f r2+fcr J D 

('t-\-kT f ^ 


V,(r 2 ) + V,(r 2 ) - (ra))^, (y) 

-r. 

t+fcr p QQ 


/r 2 +fcr 


dyds 


/ t + ACT p 

. 2 +fer Jd 


/ t-\-kT p ^ 

. 2 +fer Jd 

/ t+kT p 00 

.2+fer JD 
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< 2 Li\r 2 -ri\{t-r 2 ) + \r 2 -ri\{t-r 2 ) sup ^|crj(s)p. 

se(-oo,oo) 

When k = —1, —2, • • •, we have r2 + kr < t + kr < ri < r2 < t < t and 

pt-\-kT 


pt+fiT p 

/ / E\DriYi{s,-,y) - Dr^Yi{s,-,y)\'^dyds 

Jro-\-kT JD 


> r2+kr J D 

pt-\-kT p I ^ 

r2+A:r D 

pt-\-kT p ^ 

r^+kr J D 

pt-\-kT p ^ 

-2/ / 

Jr2+kr J D 

pt-\-kT p ^ 

+2 / / ^ - e'^^(*-’-=)n</,,(y)na,(r2)pdyds 

Jr2+kT JD 

oo 

< 2 Li\r 2 - ri\{t - r 2 ) + \r 2 - ri\ sup kj(5)h 

se(-oo,oo) 


dyds 


Therefore, 


, f f E\Dr^Yi{s,Okr-,y) - Dr2Yi{s,0kr-,y)\'^dyds 
J r2 D 


< 2 Li\r 2 - ri\{t - r 2 ) + \r 2 - ri\ sup |gj(s)|" 

sG(-oo,oo) j_^ 


(2.13) 


With the estimate (|2.12p and (|2.13p . we have 

p-t oo 

^3 < I-|l|VF||^(r 2 -ri)^ sup y]]|crj(s)p 

ri-»^2| se(-oo.oo)^ 

r* r 

+ lr. -r-l Il^-^ll^(^~^ 2 )^ 2 £i|r 2 -ril + ||Vj^||^|f-r 2 ||r 2 -ril sup J^cr^(s) 

r 1 '2| sG( — oo,oo)j_^ 

oo oo 

<C\\VF\\1^t sup y]]|crj(s)p+C||VJ^||^(2LiT2+r sup y]]|crj(s)n 

sG(-oo,oo) sG(-oo,oo) 

< OO. 


About Ai, 


A4 


[ 

\ri -r2\ Jd 


pri p oo 

Y1 + ri(s))(y) 

J-oo 


• Yi (s, * 5 y) ^r2 ) ^kr' t y^dyds 


2 

dx 
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C 


\ri -r2\JD 


f r 

Jd Jr, Jd .._, 1 


i—m+1 


< 


c 


\ri - r2\ 


ri 


f ri J D 

■VF\s,z{s,9kr-) + Yi{s,0kT-)){y)Dr^Yi{s,9kT-,y)dyds 

^ri 

/-oo JD 


dx 


OQ nri n 

/ e^^'^*-^'>\(t)i{y)\^dyds 

_, 1 J-OO JD 


In - r2\ 


[ [ \^F\s,z{s)+ Yi{s)){y)\^\Dr^Yi(s,9kr-,y) - Dr^Yi{s,9kr-,y)\'^dyds 

J — OO d D 

^ pT2 r 

'^E / 

__ , 1 Jr^ J D 


r2 


\VF\s,zis)+Y,{s))iy)f DMs, 9 kr;y) 


ri J D 


dyds 


< 


C 


' [ E\Dr,Y,{s,9kr;y)-Dr,Y,{s,9kr;y)\^dyds 
J‘lJm+1 J-oo JD 

-’'i)l|VF||^^ J E\Dr^Yi{s,9kr-,y)\‘^dyds. 


|ri-r 2 | 2llrn+l 

C 


Similar to (I2.12p . 


n oo 

E\Dr^Yi{s,9kr-,y)\^dyds <\r 2 -ri\ sup ^|crj(s)p. (2.14) 

) —oo.oo') „-_i 


G(-oo,oo) ■ ^ 


Secondly, 


> —OO J D 

When k = 0, —1, —2, • • •, we have 

f*ri +/cr 


[ [ E\Dr^Yi{s,9kr-,y) - Dr^Yi{s,9kr-,y)\‘^dyds 

J — oo J D 

/ ri+fcr n 

/ E\Dr^Yi{s,-,y) - Dr^Yi{s,-,y)\^dyds. 

-OO J D 


/ ri^KT p 

/ E\Dr,Yi{s,-,y) - Dr:,Yi{s,-,y)fdyds 

-OO J D 

P m 

/ I E V,(r^) - 

Jd I 

/ ri-hAer p ^ 

/ E - o'j(’’2)) + _ ei^^‘^'^-'"'^^)aj{r2)\^\4ij{y)\'^dyds 

-OO JD 

/ ri+/cT ^ ^ 

-oo JD „•_ 1 


ri +/cr 

— oo J D 

ri +/cr 

/ —oo J D 


dyds 


f'Fi +/cr 


+2 


' —OO ^ Z) 


El 

i=i 


,/Jj(s-ri) _ „At3(s-r2)|2 


^n</>j(y)Pki(?’ 2 )prf 2 /c^s 


1 °° 
< 2 Li-|r 2 - ri| + |r 2 - ri| sup E 

S^( —00,00) j — l 
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When fc = 1, 2, • • •, we have ri +kT > r 2 and 

fTi+kr 


/ ri-l-KT p 

/ E\Dr^Yi{s,-,y) - Dr^Yi{s,-,y)\‘^dyds 
-oo J D 

f f E\DriYi{s,-,y) - Dr 2 Yi{s,-,y)\‘^dyds + f f E\DriYi{s, ■,y) - D^^Yiis, ■,y)\‘^dyds 

J — OO J D J ri Jd 

pri+kr n 

+ / E\Dr;Yi{s,-,y) - Dr 2 Yi{s,-,y)f dyds 

J Vo J D 


/ r2 'J D 

Let us estimate them separately. About the first term 


< 


[ [ E\DriYi{s,-,y) - Dr^Yi{s,-,y)\‘^dyds 

J — OO J D 

pr\ p . En 

J JJJI V, (r2) - e^^(*-’'^V,(r2))</<,(j/) 

pn p Efi 

J-OO JD 

pVi p En, 

J-oo JD 


dyds 


pEl 


+2 


— oo J D 


El 

i=i 


^/ij(s-ri) _ u,j(a-r2)\2 


'^^)\^\(j)^{y)\^\a^(r2)\^dyds 


^ oo 

< 2 Li —|r 2 - ri| + |r 2 - ri| sup |q'j(g)l^- 

■ se(-oo,oo) 


/i-n 

About the second term 


< 


[ f E\Dr^Yi{s,-,y) - Dr^Yi{s,-,y)\‘^dyds 

Jri J D 

2 f f E\DriYi{s,-,y)fdyds + 2 f f E\Dr^Yi{s, ■,y)\‘^dyds 

J vt J D J J D 


< 2 \r 2 — ri\ sup 

se(-oo,oo) 


About the third term 

^ri+fcr 


pri-\-K,T p 

/ / E\DrCEi{s,-,y) - Dr^Yi{s,-,y)\’^dyds 

J r2 J D 

/ ri+fcr p QQ 

-OO J D , , 1 


■ j^m +1 
^ri+fcr /* QQ 


dyds 


< 


/ ri+Acr ^ ^ 

-oo Jd 

/ ri+fcr ^ QQ 

/ E -o'j(?'2)P|(/>j(j/)Pdyds 

-OO J D _ I 1 


J=;m + 1 
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/ ri+fcr p QQ 

^ oo 

< 2Li(-)|r -2 - ri| + |r 2 - ri| sup ^kj(s)|^. 

/^m+1 sG( —c>d,cxd) j—i 


Therefore, 


f f E\Dr^Yi{s,9kT-,y) - Dr^Yi{s,9kT-,y)\'^dyds 

J — OO J D 

1 


1 


<2Li{— -^—)|r 2 - ri| + |r 2 - ri| sup |o'j(s)P- 

/^m /^m+1 se( —oo,oo) - -y 


(2.15) 


With (j2.14|) and (I2.15I1 . we have 
A 4 < 


^ l|VF||^[(-—d— )(2Li(— - —)\r 2 -ri\ + \r 2 -ri\ sup ^ |cri(s)n 

L Z/im+1 fJ'm /^m+1 se( — 00 , 00 ) - y 


\ri - r 2 \ 


+ 1 ^ 2 -rip sup 

se(-oo,oo) 


C'||Vi^|P^(( 


< 

< 00 . 


-| -j -| (_XJ LXJ 

^- )Li + {-- -) sup 

Mm +1 ^/^m +1 se( —00,00) se( —00,00) ' 


As for A 5 , similarly to A 4 , we have 


^5 < C'||Vi ^||^((4 - - - )Li + ^ sup y] |crj(s)p] < 00 . 


se( — 00 , 00 ) ■_ 


i=i 


So, when 0 < ri < r 2 < t < t, 
1 


|ri -r 2 \JD 

When 0 < ri < t < r 2 < r, 


E\'Dr^M{z){t,9kT-,x) - Vr^M{z){t,9kT-,x)\’^dx < C. 


< 


|ri - 
C 


- -: [ E\Vr^M{z){t,9kT-,x)-Vr^M{z){t,9kT-,x)\^dx 

- X 2 \ Jd 

£ e^^^*-^^M^)My)-^F^s,zis,9kr-) + Y4is,9kr-))iy) 


|ri -r 2 \ Jd 


-oo JD 

('Dr^z{s, 9kr-, y) - Vr^z^s, dkr', y))dyds\^ 

pOO p ETL 

■{Vr^z{s, 9kr-, y) - Vr^z{s, dkr', y))dyds\^ 

pt p oo 

■^^1 “ / / XI -\-yi{s,0kT')){y)^r2yi{s,0kT‘,y)dyds 

J-oo JD 2 __ , 1 
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' —oo J D 


^ '''>(j),{x)(j),{y)S/F\s, z{s, 6»fcr■) + >"i(s, Okr-))iy)F>r^Yi{s, 9kr-, y)dyds\ 




+E 


/ ri p 

/ e^'^^~^'^(|)^{x)c|)i{y)VF\s, z(s, 6»fc^-) + Yi ( 5 , 6'fc^*))(y)D,.,Fi(5, 6»fcT-*, y)dyds 

-00 JD ■_, I 


rr2 r 

1-00 Jd 

/. m 


yz (l)i{x)(l}i{y)VF\s, z{s,9kT') + Yi{s,ekT’)){y)Fr2yi{s,0kT',y)dyds\ 


n JD 


E' 

2=1 




®Vi(a;)</)i(2/)VF*(s, 2;(s,?/) + Yi(s, 0fc^-,?/))I?,.2Yi(s, 6'fc-r-,y)rfWs| 


+'^1 / / E ® Vi ( a ^)</> i ( y ) V - F *( s , 2 :( s , 0 fe - r -) +^ l ( s >^'/ cr -))( y )^ r ' iyi ( s , 6 ' fcr -, 2 /) d 2 / ds |^ 

-'’■1 

^00 p ^ 

+i;| - / / ^e^'(‘“®Vi(a^)</'i(2/)VF*(s,0(s, +^i(s>^'fcr-))(2/)2^r-2yi(s,fi'/cr',2/)d2/rfs 


f r 2 D 


2=1 


+ 


/t 


m 

e^^^*-~‘‘'^4>i{x)(t)i{y)VF\s, z{s, 9kr-) + ^ 1 ( 5 , 9kT-)){y)FriYi{s, 9kr-, y)dyds\^'^dx 


Thus using a similar method as before, we can see that 

1 


\ri -r2\JD 


E\Vr2M{z)(t, 9kT-, x) - Vr^M{z){t, 9kT-,x)Ydx 


1 1 T T 1 

< C\\yF\\l{i^ + —)L2(1 + y] + y] + —-+ 2r^)Li 

Mm+l Mm+1 Mm MmMm+1 


00 

+ (-^--+ El'^hs)!^ 

^Mm +1 sG( —00,00) 

:= C. 

When 0 < t < Ti < r 2 < T, similar to the case when 0 < ri < r 2 < t < t. Therefore, Ai maps 
(7° „((-oo, + 00 ), L‘^{D, 'D^ '^)) to itself. ft. 


Define the set 

5 := ^“((-oo, 00), D{S1 X D)) n L°“((-oo, 00), D{S1, H^iD))) n ( 7 ° „((-oo, 00), D{D, V^’^)). 
Define 

■^(^)l[o.D := {f\[o,r)--f^M{S)}. 


Lemma 2.3 The set Af(S')|[o,T) is relatively compact in (7°([0,r),L^(l7 x D)). 

Proof: With what we have proved in Lemma [2.21 we also need to prove that T>rA4(z)(t) is equicon- 
tinuous in t in the space L^(D,T>^’^). We will consider several cases. 

When 0 < r < ti < t 2 < T, for z G S', 
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< c 


E\'DrM{z){t2,x) — dx 

fti . _ 


ID 


-OO + 

*2 OO 


s)_gW(*i '*))(/)i(x)(^i(j/)VF*(s, 2;(s)+ri(s))(i/)I?r2:(s,2/)(ij/c?s|" 


+^l / X! ®Vi(a;)<ii'*(2/)VF*(s,2:(s)+yi(s))(j/)Pr2(s,y)rfj/dsr 

Jti .■_, 1 


-i^m+1 

+^l / - e^*(‘^“'*^)(/)i(x)(/)i(y)VF*(s,z(s) + Yi(s))(y)r>,.z(s,j/)(iydsp 


*2 i=l 

t2 


+^l / ®Vi(a;)<i!)i(y)Vi^*(s,z(s)+ ri(s))(j/)Pr2:(s,y)rfj/ds|" 

.-I 


OO 


+^l/ ' E -e'^^(‘^-"^)</<i(x)0i(j/)VFXs,z(s)+ri(s))(j/)P,ri(s,y)dj/(isf 


f=m+l 
rt2 


+E 


+^l/' E e'^^(*^-*Vi(^)0*(2/)VFXs,z(s)+yi(s))(j/)P.ri(s,y)dj/(is|" 

i—m-\-l 

OO 

E - e^*(*i“'*^)(/)i(a;)0i(j/)VF*(s, z(s) + Yi(s))(j/)Pril(s, 

i=m+l 

^OO ^ 

+i;| / -e^^(‘^-^))(/),(x)(/),(y)Vi^*(s,z(s)+yi(s))(y)I?,yi(s,y)dt/(is|" 

•^‘1 i=i 

pt2 ^ 

■^^1 ^ (l)i(x)(l)i{y)V(s, z{s) + Fi(5))(y)r)r^i(5, y)(iyd5|^|dx 


:= Bi + ,62 + S3 + S4 + S5 + Bq + S7 + Sg + Sg. 

We will estimate them in the following steps. First, we have 
Si 


<C E 
Jd 


— OO D _ 


E 


,/2t(t2-s) _ 


x)(l)i{y)VE\s, z{s) + Yi{s)){y)'Drz{s, y)dyds 


i=zm-\-l 


dx 


OO 1 ^ 

„• ™ I 1 — OO J D 


i—m +1 


pti 


^fj.i{t2 s)_gMi(ti ^')\\\/F^s,z{s)+ Yi{s)){y)\‘^\VrZis,y)\‘^dyds 


D 


<C\t 2 -h\-\\VE\\l^ F f e^-+i(‘i-*)S|S,z(s,j/)pdj/cis 

J — OO J D 


<C\t 2 -h\-\\VE\\l 


/*T /* OO 


‘-^0 JD z 


E' 


./Xm + Rtl-S + T+iT 


X\Vrz{s, 6»_(,+i)^-, j/)pcly(is 


z=0 


r*i 


oM^n + l {^1 ^ 


)S|S^2:(s,y)p(ij/(is 


< — 


C 


/O JD 

OO 


Mm+1 


|t2-ii|-||VS||^ai(y]e''™+^- + l). 


2=0 
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About -62, we have 
B2 

< 


f ^ f / X! ''^)(j)i{x)(l)^{y)VF\s,z{s)+ Yi{s)){y)'Drz{s,y)dyds 

JD Jti Jd 

< C V A / [ \(j),{y)\‘^dyds ■ f f \VF\s, z{s) + Yi{s)){y)\‘^\VrZ{s,y)\'^dyds 

• 11 J D J «/ 




2 =m+l 


<C\t 2 -F\-\\VF\\lTai. 
Similar to Bi, we have 


C 


i ?3 < — 1<2 - ill • ||VF||^ai(^ + 1 ). 

l^m 


2=0 


Similar to -B2, we have 

About i?5, 

B 5 <C [ E 


B 4 <C\t 2 -h\-\\VF\\l,Tai. 

00 

^ (eA*.h 2 -.) _ ^(s) + yi(s))(y) 

72+1 
00 

XI ^3iy)^3i^)dyds 

<C V E f f \e>^dt2-s) 

, _,1 Jr Jd 

00 

eM.hi-)||vFX 5 ,^(s)+ri(.))(j/)p| X <Pj{y)<^3ir) 

n oo 

^ X \^3iy)\^W3ir)\‘^dyds 


rti 


r J D 


j — inrL-\-l 


dyds 


j=m+l 
00 


< C'|t2-ill • ||VF||^t sup 


^( —oo,c 




About Bq, 

Be <C [ E 


fD 


n oo 

^ z{s) + Yi{s)){y) 

^ i=m+l 


X ^3{y)^3('r)dyds 


j-=zm-\-l 


dx 




<C ^ E f f \(l),{y)\‘^dyds- f f \VE\s, z{s)+Yi{s))(y)\‘^ X 

-J t\ J D Jt\ J D A —™ I 1 

n oo 

X \^ 3 {y)?W 3 {T)?dyds 

^ j=m+l 


dyds 



Random Periodic Solutions 


29 


<C\t 2 -ti\-\\VF\\l^T sup ^|crj(s)p. 

se(-oo,oo) 

Similarly, we have 


Sr 

< 

C\t2- 

-ti\- 

■||Vi^||L( - 

sup 

OO 





Mm+1 5 

:G(-oo,oo) 

to 

GO 

< 

C\t2- 

-ti\- 

■||V-F||L— sup 

oo 

E 






Mm s€( —oo, 

oo)^ 


B9 

< 

C\t2- 

-ti\- 

■llVi^llLr sup 

OO 

Ei'^j 

is)\\ 





SG( —00,00) 

i=i 



Therefore, for any z G S and 0 < r < ti < t 2 < t, 

[ E\VrM{z){t 2 , x) — VrM{z){ti,x)\^dx < C\t 2 — ti\. 


ID 


When 0<ti<r<t2<T,zGS, similar as before, we can compnte that 


ID 


E\'DrM{z){t 2 ,x) —'DrM{z){ti,x)\^dx 
'*2 


< 


/ E e^*<^*--^Uiix)Uy)^F\s,z{s) + Y,{s)){y)Vrz{s,y)dyds 

Jd d-oo JD 

n oo 

^ gW(ii-^)0.(2,)0.(y)VF*(s,2;(s) + Yi{s)){y)Vrz{s,y)dyds\‘^ 

^ i=m+l 

pOO p ^ 

+-^1 / / + ri(s))(y)T>^z(s,j/)(iyds 

“'*1 “'-D 

n m 

y'e^'(‘ 2 -'*)(/)i(x)(/)i(y)Vi^*(s,z(s) + yi(s))(y)T>^z(s, j/)(iyds|^ 

^ i=i 

+^l r J E e^^(‘--^) 0 i(x)</)i(y)VFXs,z(s)+Ti(s))(y)P.Ti(s,y)dj/ds|" 

^ ^ i=m+l 

JD 

^ oo 

+^\- / E e'‘'^‘'”"^'^*(d</>*(2/)Vi^*(s,z(s) + ri(s))(y)P,yi(s,j/)dyds 

“'■Cl i=m+l 

n oo 

^ gW(ti-^)0.(2,)0.(y)VF*(s,0(s) +yi(s))(j/)T>ryi(s,y)dj/(isp 

-- i=m+l 

n m 

y^el^^^*--^U^ix)My)^F\s,z{s) + Y,is)){y)VrY,{s,y)dyds 

I i=i 

n m 

+ Yi(s))(y)T>^yi(s, y)dj/(is|^|dx 
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I oo -i oo 

< C {(-)(1 + ^ - h) + —(1 + ^ e-'^--)||VF||^ai(t2 - t,) 

L Hm+l /im 

OO 

+ 2 |t 2 -ti| ■ ||VF||^r sup 

s6(-oo,oo) 

^ OO OO 

+(-+^)I|VF||^^ sup '^\crj{s)\^{t 2 -ti) 

OO OO 

+(—+t)||VF||^^ sup ^|crj(s)P(t 2 -ii)} 

Pm sG(-oo,oo) ^ 

< C\t2 — tl|. 

The case when 0 < ti < ^2 < ?' < t is similar to the case when 0 < r < ti < t 2 < t. Thus, from the 
above arguments, by Theorem 12.31 A4(S')|[o,r) is relatively compact in C°{[0,t), L‘^{n x D)). I 

From the periodicity of A4(z)(t), we can prove 

Lemma 2.4 The set A4{S) is relatively compact in C'°((—oo,+oo), L^(l7 x D)). 

Proof: From Lemma 12.31 we know for any sequence Ai{zn) € 5, there exists a subsequence, still 
denoted by M{zn) and Z* £ C'°([0, r), L^(l7 x D)) such that 

sup j E\M{Zn){t,-,x) — Z*{t,-,x)\^dx ^ 0 (2-16) 

tG[0,r) JD 

as n —>• oo. Set for r < t < 2 t, 

Z*{t, W, x) = Z*(t — T, OrOJ, x). 

Noting 

M{Zn){t,9r0J,x) = M{Zn){t + T,UJ,x), 
from (I2.16p . and the probability preserving property of 9, we have 

sup / E\M{zn)it,-,x) — Z*(t,-,x)fdx = sup / E\M{zn){t + T,-,x) — Z*{t + T, ■,x)\'^dx 
tG[T,2T) JD tG[0,T) JD 

= sup / E\M{z„){t,9T-,x) — Z*{t,9r-,x)\^dx 

ie[0.T) JD 

= sup j E\M{zn)it,-,x) — Z*{t,-,x)\'^dx 
te[o.T) Jd 

0. 

Similarly one can prove that 

sup / E\A4{zn){t + mT,-,x) — Z*{t + mr, ■,x)\'^dx (2-17) 

ie[o.T) Jd 

= sup / E\JA{zn){t, ■,x) — Z*{t, ■,x)\^dx ^ 0, 
te[o.T) J D 


( 2 . 18 ) 
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for any m G {0, ±1, ±2, • ■ •}. Therefore 

sup / E\M{zn){t,-jx) — Z*{t, ■,x)\^dx ^ 0, 

—oo,+oo) Jd 

as u —>• oo. Therefore M{S) is relatively compact in C'°((—oo,+oo), L^(l7 x D)). U 

Proof of Theorem l2.4t From the above four lemmas, according to the generalized Schauder’s fixed 
point theorem, M has a fixed point in C°((—oo, +oo), L^(l7x_D)). That is to say there exists a solution 
Z e C0(( —oo,+oo), L^(17 X D)) of equation (12.61) such that for any t G (—oo,+oo), Z{t + t,oj,x) = 
Z{t, 9rOJ, x). Then F = Z + Yi is the desired solution of (12.21) . Moreover, Y(t + T,uj,x) = Y (t, 9rOJ, a;).ft 

Now we consider the semilinear stochastic differential equations with the additive noise of the form 

OO 

du{t,x) = [£u{t,x) + F{u{t,x))]dt + '^^ak4>k{x)W^{t), (2-19) 

fe=i 

u(0) = tljG L^{D), 
u{t)\dD = 0, 

for t > 0. Here F and do not depend on time t, that is to say, r in Condition (P) can be chosen as an 
arbitrary real number. We have a similar variation of constant representation to (j2.2l) . The difference is 
that for this equation, we have a cocycle. Similar to Theorem l2.ll we can prove the following theorem. 
But we do not give the proof here. 

Theorem 2.5 Assume Cauchy problem S2.19\} has a unique solution u{t,ui,x) and the coupled forward- 
backward infinite horizon stochastic integral equation 

/ O poo 

T_sP~F{Y{9sUj))ds - / T_sP+F{Y{9sUj))ds 
-OO J 0 

CO pQ OO pco 

+H^ / UkT_sP-<fkW\s)-{uj)Y, c7kT_,P+4,kW’^{s) (2.20) 

fc=l“'0 

has one solution F : 17 —^ L'^{D), then Y is a stationary solution of equation H2.19\) i.e. 

u{t,Y{uj),uj) = Y{9tUj) for any t>0 a.s. (2-21) 

Conversely, if equation \2.19il has a stationary solution F : 17 —^ L^{D) which is tempered from above, 
then Y is a solution of the coupled forward-backward infinite horizon stochastic integral equation i2.2(J\) . 

Theorem 2.6 Assume the same onditions on C as in Theorem \2.Ji\ o,nd F : R ^ R 

be a continuous map, globally bounded and VF being globally bounded. Then there exists at least one 
P-measurable map F : 17 —J- L‘^{D) satisfying H2.20\} . 

Proof: Set the J^-measurable map Fi : 17 —>■ L^{D) 
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OO oo «oo 

Y,{UJ) = {uj)yJ akT_,p-<t>kW\s) - {UJ) ^ (TfcT_«P+<^fcW^'=(s). 


Then we have 




oo .0 


( 2 . 22 ) 




YiiOtUj) = {0tuj) yj akT_sP-<t>kW^{s) - (0tw) y akT_sP+<l>kW’^{s) 


kJ- 

oo 


yjo 


fc=i 


^ Pi POO 

= {uj)y akT_sP-<t>kW\s) -{uj)y akT.sP+cl^kW'^is). 

We need to solve the equation 

Z{t,u}) 

/ t POO 

Tt-sP-F{Z{s,uj))+Yi{esUj))ds- Tt-sP+F{Zis,uj)+Yi{9sUj)))ds. (2.23) 

-OO J t 

For this, define 

Cy-oo,+^),L\Q X D)) 

:= {/e C'°((-oo,+oo),L^(l 7 X £))) : for any te (-00,00), /(t, w, x) =/(O, 0 tw, x)}. 

We now define for any z G C'°((—00, -l-oo), L^(l 7 x D)), 

M(z)(t,uj) = f Tt-sP~F{z{s,uj) +Yi{ 9 sUj))ds 

J —OO 

/ + 00 

Tt_,P+F(z(s, oj) + Yi (9,uj))ds. (2.24) 


It’s easy to see that 

M(z)(0,9tu;) 

/ O /*+oo 

T_,p-F(z(s,9t0j) + Yi(9s+t0j))ds - / T_,P+F(z(s, 9tuj) + Yi(9,+tuj))ds 

-00 J 0 

/ O ^+00 

T_sP~F(z{s + t,uj) +Yi{9s+t^))ds - / T^gP^F(z{s Y t,Lo) + Yi{9s+t^,x))ds 

-OO J 0 

/ t p +00 

Tt-sP~F{z{s,u}) +Yi{9sU}))ds - / Tt-sP'^F{z{s,u}) +Yi{9sU}))ds 

-OO J t 

= M{z){t,uj). 

By the similar method in the proof of Lemma 12.11 we can see that the A4 defined in (12.241) maps 
C'°(( — 00 ,-l-oo), L^(I2 X D)) —>■ Cg ((— 00 ,+ 00 ), L^(I2 x D)) is a continuous map. Moreover M maps 
C'°((— 00 , -l-oo), L^(f? X D)) into C'°((— 00 , -l-oo), L^(l7 x D)) n L°°((— 00 , + 00 ), L^(f2, F[q{D))). For a 
fixed T > 0, define 

Cy{{-oo,+cx,),L\D,Vy) 

:= {/ e C°((-oo,+(X)),L 2 (f? X D)) : /|[o,r) € C°{[0,T), L^{D,Vy), 
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= sup / ||/(t,a;)||^2'^2;<cxD,andforanyi,rG[0,T),i = 0,±l,±2,- 
te[0,T)JD 


/p ElVrJis, 6^t-, x) - Vr^fis, OiT', dx 


[ E\'Drf{t,eiT-,x)\'^dx<ar{t), sup —— - ' 2 '' < oo}. 

JD s,ri,r2G[0,T) FI — »'21 


s,?’i,r2G[0,T) 

Here ar{t) is the solution of integral equation (see page 324 in [25] 1 

rr+ 2 T 
-2T 

where 


pr +2T’ 

ar{t) = ^ / e~^^*~‘‘^ar{s)ds + B, 

Jr-2T 


(2.25) 


1 oo OO 

A = C\\VF\\l{ -£ 


Mm+1 


i=0 

oo 


i=0 


1 1 

B = C||VF||^ sup - 13 = 

se( —oo,oo) Mm+1 Mm 


And similar to Lemma [2.21 we can get A4 maps ^((—oo,+oo),L^(n,into itself. Define the 
set 


5 := ^^((-oo, oo), X D)) n L°°((-oo, oo), L^(f2, i?d(D))) n ^^^^((-oo, oo), L'^{D, D^’^)). 


Similar to Lemma [2?^ we can prove the set Af (S')|[o,t) is relatively compact in C'°([0, T), L^(nxD)). We 
need to prove that 7Vd(S') is relatively compact in (7°((—oo, +oo), L?{QxD)). Note also for any sequence 
M{zn) € M-{S), there exists a subsequence, still denoted by A4(z„) and Z* € C^([0,T), L^(f2 x D)) 
such that 


E\M{Zn){0,-,x) — Z*{-,x)\^dx ^ 0, as n ^ oo. 


ID 


Define 


Z*{t,uj,x) = Z*{O,0tUj,x). 


Noting 


M(Zn)(O,0tUJ,x) = M{z„)(t,UJ,x), 
and by the probability preserving property of 0, we have 

sup f E\M{zn)it,-,x) - Z*{0f,x)\‘^dx = sup f E\M{zn){O,0f)-Z*{0f)\'^dx 

t€( —oo,oo) J D tG( —oo,oo) JD 

= [ E\M{zn){0,-,x)-Z*{-,x)\'^dx 
J D 

—>■0, as n —>■ oo. 

So At(S') is relatively compact in C'°((—oo,+oo),L^(l7 x D)). Therefore, according to generalized 
Schauder’s fixed point theorem, M has a fixed point in ((—oo,+oo),L^(l7 x D)). That is to say 
that there exists Z S (7°((—oo, +oo), L^(J7 x D)) such that for any t G (—oo, +oo), Z{t,uj) = Z(0,0tuj) 
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and 



' + 00 


Tt_,P+F{Z{0,esUj) + Y^{e,u))ds. 


Finally, we add Yi defined by the integral equation p.22|l to the above equation and also assume 


Y{oj) := Z{0,u})+Yi{oj). 


It’s easy to see that Y{u},x) satisfies (j2.20l) . 


Acknowledgements. We would like to thank the referee for very useful comments and pointing 
out to us the references [316], and Ha- 
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